THE MODULAR CURVE AS THE SPACE OF STABILITY 
CONDITIONS OF A CY3 ALGEBRA 



TOM SUTHERLAND 

Abstract. We prove that a connected component of the space of stability 
conditions of a CY3 triangulated category generated by an j42-collection of 
3-spherical objects is isomorphic to the universal cover of the C*-bundle of 
non-zero holomorphic differentials on the moduli space of elliptic curves. 



1. Introduction 

The space of stability conditions Stab(2?) of a triangulated category V was intro- 
duced in 1 . As a set it has a description as the pairs {A, Z) where A is the heart of 
a t-structure on 2?, and Z : K{A) ^ K{'D) — C is a stability function on A known 
as the central charge. As the forgetful map Stab(I?) — >■ llom{K (V) , C) remember- 
ing just the central charge is a local homeomorphism [TJ Prop 6.3], Stab(2?) has the 
structure of a complex manifold. It carries an action of the group of autoequiva- 
lences Aut(2?) and a free action of C for which Z C C acts as the autoequivalence 
[1], the shift functor of V. 

In this paper we compute a connected component Stab'' (2?) of the space of 
stability conditions oi V — Vfd{GA2), the derived category of finite dimensional 
modules over the Ginzburg dg algebra of the A2 quiver. This is a CY3 triangulated 
category generated (cf [SI, Sect 2]) by two objects S and T with 

Hom(5', 5*) = C ^ Hom(T, T) Ext^ (5, T) = C 

We will call the heart A'^ consisting of all modules supported in degree zero the 
standard heart. It is equivalent to the abelian category of finitely generated modules 
over the path algebra of the A2 quiver, and its two simple objects are S and T. 
We study the connected component Stab" (2?) which contains stability conditions 
supported on the standard heart 

In section two we study the subquotient Aut"(X') of Aut(2?) of those autoequi- 
valences preserving the connected component Stab" (2?) modulo those which act 
trivially on it. We show that the set of hearts supporting a stability condition in 
Stab°(X>) is an Aut"(2))-torsor and deduce that 

Theorem 1.1. Aut"(2?) is isomorphic to the braid group Bra on three strings. 

In section three we show how to define central charges using periods of a mero- 
morphic differential A on the universal family of framed elliptic curves £ — Adi^i. 
Restricted to a fibre E, A has a single pole of order 6 at the marked point p and 
double zeroes at each of the half-periods. Using the framing {a, (3} and the basis 
{[S], [T]} of K(V) to identify the lattices Hi{E\p, Z) = K{V), we prove 
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Theorem 1.2. There is a biholomorphic map 

— / 

MiA Stab"(2?)/C 

[ZiS) : Z{T)] 
Fllom{K{V),C) 

lifting the period map of X. It is equivariant with respect to the actions o/PSL(2, Z) 
on the left by deck transformations and on the right by Aut (X')/Z which are both 
determined by their induced actions on K{T>). 

As a corollary we obtain a Br3-equivariant biholoraorphisni from the univer- 
sal cover of the C* -bundle L* of non-zero holomorphic differentials on A^i^i to 
Stab°(P). 

Remark 1.3. In the authors list 9 families of rank two connections on 
having at least one irregular singularity which have precisely a one-parameter family 
of isomonodromic deformations described by one of the Painleve equations. To 
each such family we associate a quiver Q as m [3], where Q = A2 corresponds 
to the family whose isomonodromic deformations are given by solutions to the first 
Painleve equation. It is anticipated that similar considerations to those of this paper 
will give a description of the space of numerical stability conditions of T> fd{GQ) as 
the universal cover of a ^C* -bundle of meromorphic differentials over a moduli space 
of elliptic curves. We intend to return to this in future work. 

The author would like to thank his PhD supervisor Tom Bridgeland for sug- 
gesting the problem and for many helpful discussions, and the EPSRC for financial 
support. 

2. AUTOEQUIVALENCES 

In this section we prove Theorem 11.11 We show that every heart supporting a 
stability condition in Stab''(X') is a translate of the standard heart = mod(CA2) 
by a composite of a spherical twist and the shift functor [1] . We deduce that every 
element of Aut°(2?) is expressible in this way. The group of spherical twists Sph(I?) 
is a subgroup of Aut*^ iV) of index five, and we use a result of Seidel- Thomas that 
Sph(D) = Bra to deduce that Aut" (I?) = Bra, the braid group on three strings. 

Definition 2.1. An object X e V is spherical if Rom-DiX, X) = C © C[-3]. For 
X spherical there is a twist functor $x .such that 

^xiY) = Cone{X ® Hom(X, Y) Y) 

There are two spherical objects S and T in I? which are the simple objects in 
the standard heart A°. They form an Aa-coUection \W, Def 1.1] as Ext^(S', T) = C. 

Theorem 2.2. 10, Thms 1.2, 1.3] The spherical twists $5, $7- satisfy the braid 
relations 

and generate a subgroup SphlV) of the group of autoequivalences Aut(T>) isomorphic 
to the braid group on three strings Bra. 

The braid group Bra has the following presentation by generators and relations 
H Sect 1.14] 

(cti, (72 I Cri(T20'l = (^2(^1(^2) 
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Its centre is the infinite cyclic subgroup generated by the element u ~ ((TiO'2)'^ [H 
Thm 1.24] giving us the short exact sequence 

1 ^ Z ^ Br3 ^ PSL(2, Z) ^ 1 

where the quotient map sends the generators ai , a2 to 

(;;) i-r.) 

We note that the action of a spherical twist on K{'D) is given by the formula 

and so the map Sph(2?) — > PSL(2, Z) sends a spherical twist to the matrix given 
by its action on the lattice K{T>) with respect to the basis {[5], [T]}. 

We now study the combinatorial backbone of the space of stability conditions, 
namely (a connected component of) the exchange graph of hearts of V. 

Definition 2.3. We say A' is a simple tilt of A at S if either 

• A! is the left tilt of A with respect to the torsion pair 

r={S) = {S*®" I n e No} ^"=1X1 Hom^(5, X) = 0} 

• A' is the right tilt of A with respect to the torsion pair 

r={X\ Honi^(X, S)^0} T= (S) = {5®" | n e Nq} 

The relevance of simple tilts is that they occur precisely at the codimension 1 
components of the boundary of the space of stability conditions U{A) supported 
on a given heart A by 12, Lemma 5.5]. Thus Stab(2?) is glued together from the 
U{A) according to the exchange graph. 

Definition 2.4. The exchange graph EG(2?) of T> has vertices the set of hearts 
A C V and an edge between any two hearts related by a simple tilt. Define EG" (2?) 
to be the connected component containing the standard heart A^ . 

We compute the four simple tilts of the standard heart A'^. 

Proposition 2.5. Denote by E and X the unique non-trivial extensions up to iso- 
morphism of S by T and T by S[V\ respectively. Let (A, B)c denote the abelian 
category generated by two simple objects A and B having a unique up to isomorph- 
ism non-trivial extension C of B by A, so that the standard heart AP = {T,S)e- 
Then 

i?5(^°) = {S[llT)x[i] Lt{A") = {T[-l],S)x 

Rt{A°) - {E, T[l])s Ls{A") = {S[-1],E)t 

Moreover the tilted hearts are obtained from A'^ by applying the following autoequi- 
valences. 

Rs{A°) = (<i>T$5$T)[3] {A°) Lt{A°) = (($t$s$t)[3])-i {A°) 

i?T(^°) = (<i>5<i'T)[2] iA'>) LsiA°) = ((<fs$T)[2])-l (^0) 

We will prove the statement about the left tilt at T, the rest being similar. The 
torsion pair in this case is 

T ^{T) J" = {X e ^" I Hom^o (T, X)=Q} = {S) 

We will use the long exact sequence in cohomology with respect to the original 
t-structure A^ , the groups being non-zero only in degrees and 1. 

Lemma 2.6. r[l] is simple in Lt{A^) 
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Proof. Consider a short exact sequence in Lt{A^) 

O^X ^ T[-l] -^Y ^0 

giving a long exact sequence in A'^. 

ff°(T[-l]) H°{Y) H^{X) H^{T[-1]) H^{Y) 

We have H^{T[-1]) = so H^{X) = 0. Sphtting the remaining 4-term exact 
sequence into two short exact sequences 

^ H"{Y) H^{X) Z ^0 

0^ Z ^ H^{Y) 

Z is either or T as T is simple in A!^. But there are no non-zc!ro maps from 
if°(y) e J" to H^{X) G r so H^{X) ^ Z so X is either or r[-l] and so r[-l] 
is simple. 

□ 

Lemma 2.7. S is simple in Lt{A^). 
Proof. As [S) = we have as before 

^ H°{X) S Z ^0 

0^ Z ^ H"{Y) H^{X) 

Thus as S is simple in AP , H^{X) is either or 5, and so Z is either 5 or 0. Then 
as there are no non-zero maps from G .F to H^{X) e T, H^{X) = and so 

S is simple in Lt{A'^). □ 

We remark that all four simple tilts of A^ are isomorphic to A'^ so the above is the 
local structure of the exchange graph at any vertex of the connected component 
EG°(D). 

Definition 2.8. Let Aut°('D) be the subquotient o/ Aut(r') consisting of all auto- 
equivalences preserving the connected component £0*^(1)) of the exchange graph 
modulo those acting trivially on it. 

We will see later that in fact Aut°(2?) is the subquotient preserving the connected 
component Stab'^(X>)/C modulo those acting trivially on it. 

Proposition 2.9. The vertices of the connected component EG'^CD) of the exchange 
graph are a tors or for Aut°(X>). 

Proof. Prom the above computation every heart in EG" (2?) can be obtained by ap- 
plying an autoequivalence in ($5, i>T, [1]} to the standard heart A°. Thus Aut°(I>) 
acts transitively on EG" (2?) and acts freely by definition. □ 

Lemma 2.10. The centre of Sph{V) is generated by [—5]. 

Proof. As Sph(I?) = Brs the centre is generated by $ = (<&s$t)^- We compute $ 
on S and T 

S^X H- T[-l] h-^ r[-3] ^ E[-3] H- S[-3] ^[-5] 
T ^ T[-2] ^ E[-2] ^ S[-2] ^ S[-4] ^ X[-4\ ^ T[-5] 

Thus $ = [-5] in Aut°(X>). □ 

We note that Sph(2?) defines a subgroup of Aut"(X') isomorphic to Bra. The 
generators and <&t are composites of two autoequivalences corresponding to 
simple tilts, e.g. = ($t^s^t[3])($s$t[2]) and so preserve the connected 

component of the exchange graph. If an element of Sph(D) acts trivially on K^D) 
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then it belongs to the centre which we have just seen is generated by a non-trivial 
element of Aut'^(P) so the only element of Sph(I?) acting trivially is the identity. 

Theorem 2.11. The map Bra ^ Aut"(X') given by {ai,a2) ^ ($s[l], *i'T[l]) is an 

isomorphism. 

Proof. As the exchange graph is an Aut°(r')-torsor we know that Aut°(D) = 
($S,$T, [1]). As the shift functor commutes with the spherical twists, we find 
that (($s[1])($t[1]))^ = [-5][6] = [1] so Aut°(D) = ($5(1], $t[1])- These two 
generators satisfy the braid relation as $5, $t do. 

Now consider a word w in the generators $s[1],$t[1] and their inverses which 
is equal to the identity of Aut°(I?). As [1] is in the centre of Aut°(I?), we have 
$^1 . . . ^^f- = in Sph(P). By the above lemma the centre of Sph(I?) is 

generated by ($5$t)^ = [-5], so the right hand side is equal to [-5]^^^ "'^Z^. As 
the braid relation is homogeneous, every element of Sph(I?) has a well-defined word 
length in the generators $5 and $t- But applying the word length homomorphism 
gives J2i '^i = f Si '^i J2i — 0- Thus the relations satisfied by the generators 
*i's[l], 'i'T[l] of Aut°(I)) are precisely those satisfied by the generators ^s,^t of 
Sph(2?). □ 

To complete the picture we show that Sph(P) is a normal subgroup of index 5. 

Proposition 2.12. There is a short exact sequence 

1 ^ Sph(X') ^ Aut°(r') ^ Z/5Z ^ 1 

where the quotient map I is the modulo 5 word length map in the generators 
and <i>T[l] 

Proof. Sph(2?) is in the kernel of I as 

l{<i>s)^l{<i>s[l])-im = 1-6 = 

Conversely the smallest power of [1] in the kernel is [5] = ($5$^)"^ £ Sph(2?) and 
so as Aut°(2?) = ($s, <i>T, [1]) the kernel is contained in Sph(2?). □ 

Remark 2.13. By Sabidussi's Theorem [8, Thm 4], EG°(2?) is isomorphic to the 
Cayley graph of the braid group Bra with respect to the generators A = ($t$5$7')[3] 
and I] = ($5$t)[2] which give the simple tilted hearts. Indeed this gives an alter- 
native presentation o/Bra 4, Sect 1.14] 

(S,A I S3 = A^) 

The quotient 0/ £0*^(2?) by Sph(2?) is the A2 cluster exchange graph which is iso- 
morphic to the Cayley graph of Ijjh'L. This recovers a special case of a result of 
Keller and Nicolas [51 Thm 5.6]. 

3. Stability conditions 

In this section we prove Theorem 11.21 We derive the Picard-Fuchs equations 
satisfied by the periods of the family of meromorphic differentials A on the fibres E 
of the universal family of framed elliptic curves £ — ^ Aii.i. Identifying the lattices 
Hi{E, Z) = K{T>), the image in PIIom(i^(2?), C) of a certain branch of the period 
map is a double of the Schwarz triangle with angles (tt, 7r/3, 7r/2). We show that 
this coincides with the image under the local homeomorphisni Z : Stab (2?)/C — > 
PHom(i^ (D), C) of a fundamental domain for the action of Aut°(P) /Z ^ PSL(2, Z) 
on Stab°(X')/C. We use our understanding of the exchange graph of V to lift the 
period map to our desired biholomorphism / : A4i,i Stab°(X')/C. 
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Definition 3.1. On an elliptic curve — z'^ + az + b define the meromorphic 
differential y dz 

This has a pole of order 6 at the point at infinity and double zeroes at each of 
the three other branch points of y. This is the divisor of the function y^. It is the 
unique differential up to scale with this property as the above divisor has degree 
zero. 

Define the coordinates j and u on Aii^i by 
(1) J = 1728/j J = 4m(1 - u) 

where J denotes the usual J- invariant. We note that the family of differentials 
A = z^ — 3z + (4m — 2) dz satisfy 2duX — i^, where lo = dz/y is the family of 
holomorphic differentials on A^i,i. Using this we show that the periods of A satisfy 
hypergeometric equations in u and j. 

Definition 3.2. A hypergeometric differential equation is a second order ordinary 
differential equation on of the form 

w{l - w)f" + (7 - (a + ^ - l)w)f' - al3w = 

with a, /3, 7 £ R. 

It has regular singularities at 0, oo and 1 with exponents 

A = l — 7 i-i — a — f3 ly — ^ ~ a — (3 

Lemma 3.3. The periods of A satisfy the hypergeometric equation in j with expo- 
nents (1, i, i) 

Proof. Suppose the periods of A satisfy the hypergeometric equation in u 

uil - u)dlf + (7 - (a + /3 - l)j)d^f -a/3f = 

Taking the derivative with respect to the dependent variable u, we find that the 
periods of w must satisfy 

u{l - u)dlf + (1 ~ 2u)duf + (7 - (a + /3 - l)u)duf - (a + /3 - 1)/ - a/3/ = 

which is hypergeometric of the form 

u{l - u)dlf + ((7 + 1) - {{a + 1) + (/? + 1) - l)u)duf - (a + l)(/3 + 1)/ = 

It is well-known the periods of lo satisfy the hypergeometric equation in j with 
exponents (0, i, i). Then by the quadratic transformation law for the change of 
variable given above [T^l Eq 2], they satisfy the hypergeometric equation in u 
with exponents (0, ^,0). By the above computation, the periods of A satisfy the 
hypergeometric equation with exponents (1, i, 1) and so reversing the change of 
variable gives the result. □ 

Remark 3.4. The coordinate transformation defines a double cover B — )■ Mi^i 
of the coarse moduli space of elliptic curves. There is a family of elliptic curves on B 
whose total space is the complement of the three singular fibres of types (/i , Ii , II* ) 
over u = 0,1 and oo respectively of a rational elliptic surface I]„ P|j. This is the 
smooth part of Hitchin's fihration of the moduli space of meromorphic S\J{2)-Higgs 
bundles on with a single pole of order 4 at z — oo whose leading term is nilpotent. 
The meromorphic differential A is the Seiberg- Witten differential of this integrable 
system, that is the exterior derivative of A defines a holomorphic symplectic form 
on E. 

In fact Ti is a hyperkdhler manifold |13J , which was studied in [3i Sect 9.3.3]. 
In another complex structure E is isomorphic to the moduli space of flat SL(2,C)- 
connections on Pj with a single pole at z ~ oo of Katz invariant 5/2. This complex 
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manifold was studied in [HI E] as the moduli space of initial conditions of the first 
Painleve equation fcf Remark \1.3\} . Its image under the Riemann-Hilbert map is an 
affine cubic surface which is isomorphic as a complex variety to the cluster algebra 

Now consider the moduli space of elliptic curves A^i,i = P(2,3)\{o} where o is 
the point corresponding to j = 0. We make branch cuts on Aii^i along the line 
= between o and each of the Z2 and Z3 orbifold points x, * at j = l,c». 
We deduce the image of this branch of the period map p of A from the Schwarz 
triangle theorem. 

Theorem 3.5. [71 p 206] Suppose f\, f2 are linearly independent solutions to the 
hypergeometric equation with exponents {X,fi,iy). Suppose further that their ratio 
s = /1//2 restricted to the upper-half plane f) C P^\{0, cxd, 1} is an injection. Then 
s maps f) biholomorphically onto the interior of a curvilinear triangle Aa.^^.j/ of 
angles {Xtt , ^i: , vn) . 

The image is determined up to a Mobius map and so specified uniquely by the 
positions of the three vertices of the triangle A. By the Schwarz reflection principle 
we have 

Corollary 3.6. The image = p(A^i,i) is the double of the curvilinear triangle 
Aj^ 1 1 along the edge connecting the image of the two orbifold points x and *. 

We now define a fundamental domain V = V{JP) for the action of Aut°(X')/Z 
on Stab''(I?)/C which maps bijectively under the local homeomorphism Z to 0- 
Although the vertices of the quotient of the exchange graph EG°(X») = EG°(X') /Z[l] 
are indeed an Aut''(I?)/Z-torsor, the notion of a projective stability condition a G 
Stab° {T>) I C being supported at a given vertex A of EG° (2?) is not a priori well- 
defined. This is because points of Stab°(X') in the same C-orbit can be supported 
on different hearts, even modulo the shift functor. We define a to be supported on 
A using the following width function. 

Definition 3.7. Define the width ip of a stability condition a — {Z, A) G Stab(P) 

where (l)'^{cr) and 4>^ {cf) denote the maximal and minimal phases respectively of an 
object in A. 

The width is the angle of the image under Z of the cone C{A) C K{A) generated 
by classes of objects in A. 

Definition 3.8. We say that a G Stab"(2?)/C is supported on A if the width 
function is minimised on a lift A of A. 

Note that a is supported on more than one A where the width function is minimised 
on more than one such A. We will write V{A) C Stab*'(X')/C for the subset 
supported uniquely on A^ whose closure V{A) is the subset supported on A. 

Proposition 3.9. V = V(^) is the interior of a fundamental domain for the 
action on Aut°(2?)/Z on Stab" (2?) /C 

Proof. As the vertices of Y^G^ {V) are an Aut°(I')/Z-torsor, every point in the set 
T = V{A) belongs to a unique V{A). The points a in V\V lie on the three 
codimension 1 walls pictured below where a is also supported on some other A for 
some simple tilt Aoi AP . These walls of the V{A) are locally finite as there is only 
one other wall intersecting V, namely V{Ls{A^)) fl V{Rt{AP)). Thus the closure 
T = Y\,j^V{A). But T is clearly open and so is the entire connected component 
Stab°(P)/C. □ 
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Remark 3.10. The above proof shows that an autoequivalence $ which preserves 
EG (P) preserves the connected component Stab'^(!D)/C. Also acts trivially on 
EG (V) then $ fixes the central charge Z and so $ acts trivially on Stab°('E>)/C. 



E+S E+T 




T T S[-l] 

Figure 1. Typical stability conditions on the three boundary 
components of V{A°). The first V{A°) D V{Rs{A°)) = ViA°) n 
V{Lt(A'^)) occurs where the only stable objects are S and T. The 
other two V{A°) n V{Rt{A°)) and V{A°) D V{Rt{A°)) lie in the 
region where S, T and E are stable. 

This means that Stab°(I?)/C is glued together from the V{A) according to the 
quotient of the exchange graph EG (V) just as Stab°(X') is glued from the U{A) 
according to EG°(X>). 

Proposition 3.11. The image ofV under the map Z is ()■ 

Proof. The boundary of V consists of stability conditions supported on one of the 
three walls which we picture below, whose image under Z is the boundary of 0. □ 




T T 



Figure 2. The fundamental domain V{A'^) = under the map 
Z : Stab°(P)/C -^F\ Wc picture = [)+ U f)" as the union of 
two discs where the imaginary part of the coordinate Z is positive 
and negative respectively. They are glued along the line Z € R, 
which is the image of all walls of marginal stability in Stab(2?)/C. 
The region ()~ where only two objects are stable contains the first 
wall passing through the image of x . The region f)+ contains the 
other two walls of V{A'^) which meet at the image of *. Wc label 
points on the boundary by the object whose central charge vanishes 
there. 
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Proof of Theorem ] l.'d Using the identification V{A) = = we can ex- 

tend the branch of the period map to a map / : Mi^i — ^ Stab(I?) /C by equivariance. 
We only have to check continuity on the boundary of i.e. the action of the 

monodromy on Hi {E, Z) on crossing one of the two branch cuts in either direction 
is identical to the action of the four simple tilts on K{T>). But these both act by 

-1 \ 1 

1 ; 1, -1 1 

and their inverses. □ 




Figure 3. The image of the Z/2- and Z/3-orbifold points x and * 



We denote by the total space of the C*-bundle of non-zero holomorphic 
differentials on M . It is isomorphic to the complement of the discriminant locus 
in the space j, of cubic polynomials + az + b. The fundamental group of 
is isomorphic to the braid group Bra as the discriminant locus describes the trefoil 
knot. 

Corollary 3.12. There is a hiholomorphic map 

Stab°(D) 

iZ{S),ZiT)) 

llom{K{V),C) 

lifting the periods of the differential A. It is equivariant with respect to the actions 
o/Br3 on the left by deck transformations and on the right by Aut{T)). 

Proof. We can lift the map / : Mi^i Stab°(I?)/C to the desired F by equivari- 
ance with respect to the C-actions on both sides. It is a bijection as both C-actions 
are free, and holomorphic as it is locally given by the periods of A. We know that 
the two braid groups act identically on K{V) via their maps to PSL(2,Z) and so 
define identical actions on the C*-bundle . Also the actions of the central sub- 
group Z C Bra are identical by construction as it acts as Z C C. But given these 
data the actions are determined by a group homomorphism PSL(2,Z) — >■ Z giving 
a lifting of the Brs-action on the C* bundle factoring through PSL(2, Z) to the 
universal cover. As the only such homomorphism is the trivial one the two Bra 
actions are identical. □ 
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